Abstract. The decomposition numbers in characteristic 2 of the groups of Ree type are determined, as well as the Loewy and socle series of the indecomposable projective modules. Moreover, we describe the Green correspondents of the simple modules. As an application of this and similar works on other simple groups with an abelian Sylow 2-subgroup, all of which have been classified apart from those considered in the present paper, we show that the Loewy length of an indecomposable projective module in the principal block of any finite group with an abelian Sylow 2-subgroup of order 2" is bounded by max{2n + 1, 2"}. This bound is the best possible.
Introduction. The purpose of this paper is to determine the algebra structure of the principal 2-blocks B of the simple groups R(q) of Ree type of order \R(q)\ = (q3 + \)q\q -1), where q = 32n+1, and n = 1, 2,_ Let (F, R, S) be a splitting 2-modular system for R(q), where F has characteristic 2, and S and R have characteristic zero. The character table of the groups R(q) was determined by Ward [15] up to a few but very essential values missing because of the incomplete classification of these groups. Ward [15] also showed that B contains eight ordinary irreducible characters £" all of height zero, and five nonisomorphic simple FR(q)-moàxx\cs op,, i = 1,2,..., 5, where <pl = / denotes the trivial FR(q)-module. In [7] , Fong determined the decomposition matrix up to three parameters a, b and c. He also showed that we may choose notation so that <p2 and <p3 are algebraically invariant and self-dual, while <p4 and <p5 are the duals and the algebraic conjugates of each other.
In § §2 and 3 we complete the decomposition matrix of B by showing that a = 2 and b = c = 1 for every « = 1,2,...
(Theorem 3.9).
If M is a finitely generated FG-module, G a finite group, then soc(A/) = 5,(M) denotes the socle of M which is the sum of all simple FG-modules of M. Let which in the z'th row vector has the composition factors of Si(M)/Si_l(M) with their multiplicities.
Let D be a Sylow 2-subgroup of R(q). Then D is an elementary abelian group D of order \D\ -8. Its normalizer N = NR^(D) is a holomorph of D by a noncyclic Frobenius group F21 of order |F21| = 21. Hence FN is a block algebra. Its structure was determined by the authors in [12] . It has five nonisomorphic simple FN-xnodules, / and four others denoted by 1, 1*, 3 and 3*, where our notation indicates the degree of the simple FTV-module, and where m* denotes the dual of m. By Knörr's theorem [10] , each simple B-module op, has vertex vx(op,) =R^D.
Therefore we consider the Green 3* These Green correspondents are used to compute the parameters a and b of the decomposition matrix of B in § §2 and 3. Furthermore, they enable us to find the structure of the indecomposable projective B-modules P¡, where P¡ denotes the projective cover of op,, i = 1, 2, . .. , 5. Finally combining Theorem 4.1 together with recent work of J. Alperin [1] , K. Erdmann [5] and the authors [12] we show in §6 that every indecomposable projective 50-module P of the principal 2-block B0 of an arbitrary finite group G with an abelian Sylow 2-subgroup D of order \D\ = 2" has Loewy length j(P) < max{2n + 1, 2"} (Theorem 6.1). This upper bound is sharp.
Concerning our terminology and notation we refer to Dornhoff [4] , Feit [6] , Gorenstein [8] , and Green [9] . Discussions with L. Scott have been helpful.
1. Known results on the groups of Ree type. In this section we collect some known facts on the groups R(q) of Ree type of order \R(q)\ = (q3 + l)q3(q -1), where q = 32n+1> m = 3", and n = 0,1,2.These results either can be found in Ward's paper [15] or are due to Fong [7] .
Throughout this section, (F, R, S) denotes a splitting 2-modular system for R(q) and all its subgroups.
By En we denote an elementary abelian group of order n. Let Es be a fixed Sylow 2-subgroup of R(q) and fix an involution 1 =^= u e Es. All involutions of R(q) are conjugate.
If U is a subgroup of R(q), then N(U) and C(U) denote its normalizer and centralizer respectively in R(q). By Ward [15] , in each group R(q) of Ree type the centralizer of the involution u has the form C = C(u) = <«> X PSL(2, q), where q s 3 mod 8, and E4 is a Sylow 2-subgroup of PSL(2, q).
Let iV = N(E6). Then N is a holomorph of Es by the Frobenius group F21 of order 21. Let E be the normal subgroup of N with index 3. Then E = E% • Z, is a Frobenius group, where Zr denotes the cyclic group of order r. Furthermore, K = N n C = <» X 9l4.
Let F be a fixed Sylow 3-subgroup of R(q) such that its normalizer L = N(P) contains the involution u. By [15] , L is a holomorph of P by <«> X Z(ï_ 1)/2, and
where Eq ■ Z(9_1)/2 is a Frobenius group. Furthermore, C, L and N are maximal subgroups, and T = L n TV = <u> X Z3.
Thus we have the following diagram of subgroups of R(q):
I or /G denotes the trivial (modular) representation of any group G, and P¡ denotes the projective cover of I.
Throughout, B = (B = eFG, B = êRG, Bs = B ®Ä S) denotes the principal 2-block of R(q), where e and ê denote the block idempotents of B and B respectively. As in [15] , let £,, i = 1, 2, . . ., 8, £, = /, denote the ordinary irreducible characters of B. We also let op,, i = 1, 2, ... , 5, op, «■ /, denote the Brauer characters of the corresponding simple FÄ(#)-modules.
Let F, be the projective cover of op,, i = 1, 2, . . . , 5, P{ = P,. In order to determine the socle series of F, we have to compute the three parameters a, b and c in Fong's [7] decomposition matrix of B:
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Our computation of the integers a, b and c requires the following character tables and subsidiary results.
The principal 2-block of C = PSL(2, q) is denoted by b0 = b0(C). It has four ordinary characters /, x,, x' and x"> and three modular characters /, x' and x" • Furthermore, x" = (x)*-Let P'¡, P'x, and P'x, be the projective covers of the simple ¿>0-modules of C. Lemma 1.1. (a) The indecomposable projective modules of the principal block b0 of PSL(2, q), q = 3 mod 8, have socle and Loewy series I
x' x" P'r-X' X", P*: 1 X", P'x: I X'-I X' X" (b) The simple modules of b0 may also be considered as the simple modules of G = Z2 X PSL(2, q), q = 3 mod 8, in which group their projective covers have socle and Loewy series Where 1 < h,j, k, l < r = ±(<? -3), e = **/<'-», ¿ e* + e">* = -1 -(-1)*, y=i
all characters x* belong to blocks of defect 1, and all characters Xi belong to blocks of defect zero of C. , it is not difficult to compute the character table of its normalizer L = N(P). In fact we show that it is uniquely determined although the structure of P is not completely known. Again we use Ward's notation [15] As in [12] , centralizers of involutions play an important role in the course of the proofs. If M is an FG-module or an FG-module and u ^ 1 is an involution of the finite group G, then annw(l -u) = {m e M\m{\ -u) = 0} is called the centralizer of u in M.
If X is an F-form of the irreducible character £ of the finite group G, and if X = X/Xtt, where -nR is the maximal ideal of R, then we write
For the irreducible characters £2 and £,, /' = 5, 6, 7, 8, of the groups R{q) of Ree type, this dimension zx{£) of a centralizer of the involution u ¥= 1 is independent of the choice of the F-form X by the following result.
Proof, (a) Let X be an F-form of £2. Then Lemma 1.3(a) asserts that X\L = A, © /, because Aq is a projective FL-module by the character table of L. Therefore, For the sake of completeness we now restate the following inequality due to the first author [ We complete this section by restating some useful definitions and notations of [12] . Definition. Let G be a finite group, p\ \G\ a prime number, and F a splitting field for all subgroups of G of characteristic p > 0. Let H be a subgroup of G, and U an indecomposable FG-module which is //-projective. If a component /*( U) of UH is the only direct summand E of UH satisfying U\EG, then/*(£/) is called a generalized Green correspondent of U in H.
2. The Green correspondents of op2, op4 and cp5. In this section we determine the Green correspondents of the simple FF(çr)-modules op,, i G (2, 4, 5}, of the principal 2-block B of the groups R{q) of Ree type. We also show that c = 1.
In order to derive these assertions we study the structure of two permutation modules. Let U = (/L)Ä(<?) be the permutation module belonging to the 2-fold transitive permutation representation of R(q), see Ward [15] . Then U ®R S = / ffi ¿3, and U is a self-dual indecomposable FF(^)-module belonging to B with the following properties, of which assertion (d) is due to L. Scott [14] . I (e) U has vertex vx(f7) = R(q) <w> = £2.
(f) U has a minimal projective resolution 0*-U *r-F7 <-ñ t/ <-0, and U -QU.
Proof. As U is a permutation module, it is liftable, self-dual, / occurs in the head U/UJ and in the socle of U. Since Û <S>Ä 5 = / © £3, dim,, EndFG(U) = 2.
If U were not indecomposable, then EndFG( U) = F © F, and / would be a direct summand of U. However, F2 = <«> is a Sylow 2-subgroup of L, which implies that each component of U is F2-projective. But vx(7) =RM Fg. Hence U is indecomposable, and its vertex vx( U) = A(ç) F2. Furthermore, / = soc( U) s¿ {// UJ.
Thus (a) and (e) hold.
By [9] , the Heller operator fi commutes with induction from L to R(q). Hence (f) follows.
As N is also the normalizer of the Sylow 2-subgroup of the smallest Janko group Jx, assertion (b) follows from [12] , Lemma 1.1 and the proof of Lemma 6.3. By Fong's decomposition matrix of B the character £2 has an F-form X such that X = X/Xm = ^2. As Ext^(i)(7,1) = 0 by (b) , the argument of L. Scott [14] Let x be the multiplicity of the direct summand P'x, in Ye0 and let.y be the one of P'x". Then x + y = p = j-(m + 1 -2c).
By Lemma 1.1, the multiplicity of x" in xP'x, © yPx~ is x + 2y. Since (*) and the simplicity of Ye0/Xe0 imply that x" occurs \{m + 1 -2c) times as a composition factor of Ye0, it follows that x + 2y < i(m + 1 -2c). As y has seven composition factors, we obtain y(l -!/) = /© x' © X" and annr(l -u)/ Y(\ -u) -x"■ Hence y/y(l -u) is a semisimple FC-module. As 7(1 -«) < /*(<Pi)> tms implies that y has Loewy length j( Y) = 2. Since Y is indecomposable, Lemma 1.6 asserts that anny(l -u) is not a semisimple FC-module. Hence Y\C, is indecomposable, because /*(<p2)|c *s indecomposable. Therefore fiy^c* has only one nonsplit extension by x" as Lemma 1.1 (a) shows. This completes the proof. Therefore by the definition of relative projectivity, (<P4 ° 9a)\c*o = X" ° X" © projectives,
where x" ° x" is a nonsplit extension. Hence x" ° x" has vertex F4 by Lemma 1.1 and Green's theorem. Moreover, (*) and Lemma 1.1 imply (<P4 ° <P4)|ceo = X" © X" © projectives.
Since op4 o <p4 is C'-projective, relative projectivity now asserts that op4 ° op4 is a split extension. By duality the other part of the lemma follows.
Lemma 3.6. Ext),Ä(9)(op" <pß = 0, i,j G (4, 5} and i =£j.
Proof. Suppose op4 ° cp5 is a nonsplit extension. As in the proof of the previous lemma, this implies (<P4 ° 9s)\c-eo = X" ° X' © projectives, where x" ° x' again is a nonsplit extension. Moreover, u lies in the kernel of X" ° X-Thus which is a contradiction to Lemma 2.1(c).
Since op2 is self-dual, Lemma 3.4 asserts dim,, ExtJ,Ä(9)(op2, <p4) = 1 = dim,, ExtJ^^op,,, op2).
Therefore the above argument shows that there exists at most one uniserial FF(<7)-module ?2 9a.
<p2
As op4 and op5 are algebraic conjugate, the proof is complete.
After all these preparations we now can compute the remaining parameters a and b of Fong's decomposition matrix of the principal 2-block B of the groups R(q) of Ree type. is a submodule of Y. By Lemma 1.6, the FF(çr)-module y/op2 is not indecomposable. As soc(Y/<p2) = I ® op4 © op5, one of the direct summands is uniserial with op2 in its head. This proves our claim. Now Lemma 3.7 and the claim yield 2 < dim^F*, F)Ä(i) = 1, a contradiction. Therefore S3(V)/S2(V) » op2.
As dimf( V, t/)Ä(9) = 1 it now follows that there is a short exact sequence q_^9a *i_i,y^,T*-*0. Since op2 occurs a times in V, it has multiplicity a -1 in T*. Now T* is isomorphic to a submodule of U, and gp3 is the head of T*. Lemmas 2.1 and 3.1 assert that op3 occurs only once as a composition factor of U. Since op2 and U are self-dual FF(<7)-modules, and since F is a factor module of U with soc( T) = op3, we obtain 2(a -1) < a, because op2 has multiplicity a in U by Lemmas 2.1 and 3.1. Hence a < 2. Therefore a = 2.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use In any case there is a self-dual indecomposable FF(#)-module X with soc(A") = op2 = head(A') such that there is a nonsplit short exact sequence 0^>I^>X?^>X^>0
for some i e {1, 2}. Therefore by [14] we have 0 r* Ext^(9)(/, X*) -Extj^J, X) -* 0, Hence S2(P4)/S2(P4) = <p4 © / © tp5 ffi <p3 by the socle series of F2. By Lemma 3.1 and Theorem 3.9, tp3 has multiplicity 2 in F4. Therefore the existence of the two above submodules of F4 implies that F4 has Loewy length j(P4) = 7. Since <p2 is the second socle of F,, F4 and F5, it follows from Lemma 3.1 and Theorem 3.9 that S4(P4)/ S3(P4) = <p2 ® q>2. Using the duality between F4 and F5, it is now easy to complete the proof of Theorem 4.1.
5. The Green correspondents of all simple 5-modules. Let / be the Green correspondence between R(q) and N = NR^(ES) with respect to a Sylow 2-subgroup F8 of a group R(q) of Ree type. By Proposition 2.5 it suffices to determine the structure of /(<p3). This is done in this section. Proof. Let X be an F-form of £, such that X = X/X-tt has socle <p2. Then where the nonprojective part of T\K is indecomposable. Now let f(q>3) be the Green correspondent of <p3 in N. Since N is 2-closed, f(<p3)\K is indecomposable and coincides with the nonprojective part of T\K. Therefore, dimFf(<p3) = 12. As <p3 is self-dual and algebraically invariant, Proposition 2.3 of [12] implies that /(qo3) has composition factors 2 • 3 + 2 • 3. Since f(<p3)\K has Loewy length 3, also/(<p3) has Loewy length 3. Thus 
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